Abstract. Consider scattering of electromagnetic waves by a nonmagnetic biperiodic structure. The structure separates the whole space into three regions: above and below the structure the medium is assumed to be homogeneous. Inside the structure, the medium is assumed to be de ned by a bounded measurable dielectric coe cient. Given the structure and a timeharmonic electromagnetic plane wave incident on the structure, the scattering (di raction) problem is to predict the eld distributions away from the structure. In this note, the problem is reduced to a bounded domain and solved by a variational method. The main result establishes existence and uniqueness of the weak solutions in W 1;2 .
Introduction
Consider scattering of electromagnetic waves by a biperiodic structure. The structure separates the whole space into three regions: Above and below the structure the medium is assumed to be homogeneous. However, inside the structure, the medium can be very general. In fact, the dielectric coe cient only needs to be bounded measurable. The medium is assumed to be nonmagnetic with a constant magnetic permeability throughout. Given the structure and a time-harmonic electromagnetic plane wave incident on the structure, the scattering (di raction) problem is to predict the eld distributions away from the structure. Scattering of electromagnetic waves in a biperiodic structure has recently received considerable attention. We refer to Dobson and Friedman 6 ], Abboud 1], Dobson 5] , and Bao 4] for other results on existence, uniqueness, and numerical approximations of solutions. The present note gives a new method of proof for existence and uniqueness, using a very simple penalty term in the problem formulation. This alternative problem formulation may also be advantageous for the numerical approximation of solutions, since it allows the use of nodal nite element spaces. The regularity result of the weak solutions obtained in this work is optimal within the Sobolev scales.
Scattering theory in periodic structures has many applications in micro-optics, where doubly periodic structures are often called crossed di raction gratings. A description of the biperiodic scattering problem and other problems which arise in micro-optics can be found in Friedman 7] . A good introduction to the problem of electromagnetic di raction through periodic structures, along with some numerical methods, can be found in Petit 8].
Maxwell's equations
In this section we outline the basic setup for the scattering problem. The electromagnetic elds are governed by the time harmonic Maxwell equations (time dependence e ?i!t ): r E ? i! H = 0 ; (2.1) r H + i! E = 0 ; (2.2) where E and H denote the electric and magnetic elds in R 3 , respectively. The magnetic permeability is assumed to be one everywhere. There are two constants 1 and 2 , such that the dielectric coe cient satis es, for any n 1 , n 2 3. Scattering problem in a truncated domain In order to solve the system of di erential equations, we need boundary conditions in the x 3 direction. These conditions may be derived by the radiation condition, the periodicity of the structure, and the Green functions.
Since H is periodic, we can expand H in a De ne for j = 1; 2 the coe cients (n) j ( ) = e i n j =2 j! 2 j ? j n + j 2 j 1=2 ; n 2 Z 2 ;
(3.2) where n j = arg(! 2 j ? j n + j 2 ); 0 n j < 2 :
We assume that ! 2 j 6 = j n + j 2 for all n 2 Z, j = 1; 2. This condition excludes \resonance". Note that (n) j is real at most for nitely many n, and for the rest of n, n j has a positive imaginary part. In particular, for real 2 , we have the following equivalent form of (3.2) (n) j ( ) = p ! 2 j ? j n + j 2 ; ! 2 j > j n + j 2 ; i p j n + j 2 ? ! 2 j ; ! 2 j < j n + j 2 : We next impose a radiation condition on the scattering problem. Due to the (innite) periodic structure, the usual Sommerfeld or Silver-M uller radiation condition is no longer valid. Instead, the following radiation condition based on di raction theory is employed: Since n j is real for at most nitely many n, there are only a nite number of propagating plane waves in the sum (3.4), the remaining waves are exponentially decayed (or unbounded) as jx 3 j ! 1. We will insist that H is composed of bounded outgoing plane waves in 1 and 2 , plus the incident (incoming) wave in 1 .
From (3.1) and (3.4) we deduce
We can then calculate the derivative of H n (x 3 ) with respect to , the unit normal, on @ 0 : De ne the lattice = 1 Z 2 Z f0g R 3 :
Since the elds H are -periodic, we can move the problem from R 3 to the quotient space R 3 = . For the remainder of the paper, we shall identify 0 with the cylinder It is necessary in our study to understand the continuity properties of the above \Dirichlet-Neumann" maps. Fortunately, this is trivial by observing that T j is a standard pseudodi erential operator (in fact, a convolution operator) of order one from the de nition of n j ( ). Thus the standard theory on pseudodi erential operators applies to establish the following lemma. (r H ) = B 2 (P (H )) on ? 2 ; (3.18) where the operator B j is de ned by
where P is the projection onto the plane orthogonal to , i.e., The proof may be given by using the expansion (3.6) together with (3.13{3.16), and some simple calculations. Remark 3.3. The signi cance of this result is that the Dirichlet to Neumann operator B carries the information on radiation condition in an explicit form. Here it is crucial to assume that (n) is nonzero. The present form of the result is equivalent to the one in Abboud 1] . A slightly di erent form was derived by Dobson 5 where C is a constant (penalty) which will be determined later. We begin with a useful identity. One may derive the boundary conditions similar to (3.9), (3.10) except that they are homogeneous since r H I = 0. A detailed proof of the theorem may be found in Bao 4] .
